The concentration-compactness principle in the Calculus of Variations.
The locally compact case, part 1 We first explain below that for general minimization problems, some sub-additivity inequalities hold. In the setting we take in this part (more general ones are given in Part 2), we consider minimization problems with constraints and the sub-additivity inequalities we obtain are for the infimum of the problem considered as a function of the value of the constraint. For a more precise statement we refer the reader to section 1. These inequalities are obtained by looking at special trial functions essentially consisting of two functions, one of which being sent to infinity by the use of translations.
We then show a general principle (concentration-compactness principle) which states that all minimizing sequences are relatively compact if and only if the sub-additivity inequalities are strict. The proof is based upon a lemma which, intuitively, indicates that the only possible loss of compactness for minimizing sequences occurs from the splitting of the functions at least in two parts which are going infinitely away from each other. And since this phenomenon is easily ruled out by the strict sub-additivity inequalities, we obtain some form of compactness. This crucial lemma is proved with the help of the notion of the concentration function of a measure -introduced by P. Levy [14 ] . At [1 ] , [2] , P. L. Lions [16 ] , A. Friedman [13 ] ) :
where K, f are given and j is a given convex function and where ), is a prescribed positive constant-representating the mass of the star-like fluid which density is given by p-. We will give below (section II) a complete solution of this problem by a direct application of our method.
We next treat the so-called Choquard-Pekar problem (see for example E. H. Lieb [15 ] ) :
We give below a necessary and sufficient condition (on V) for the solvability of this problem.
In part 2, we apply our methods to various variational problems associated with nonlinear fields equations such as for example :
where f(x, t) is a given nonlinearity satisfying (for example) : f(x, 0) = 0.
These equations also arise in the study of solitary waves in nonlinear Schrodinger equations (study of laser beams, see Suydam [26 ] ) or in nonlinear Klein-Gordon equations (see W. Strauss [25] , H. Berestycki and P. L. Lions [3 ] [4 ]).
We give in Part 2 sharp conditions ensuring the solvability of (3) : the results we obtain contain the particular case when f is independent of x ; this special case was studied by various authors (Z. Nehari [22 ] ; G. H. Ryder [24 ] ; M. Berger [6 ] ; C. V. Coffmann [8 ] (9) satisfies : ( 14) un is bounded in L 1 n Lq j(un) is bounded in L 1 . (10) , (11), (16) [21 ] ) that for all potentials V with spherical symmetry, there exists a minimum of (18) 
